Practice Exam 6 (Engineers)

Question 1

The grouped frequency table below shows the number of cars

sold per week in a car showroom during a period of 200 working days.

Number of cars sold Frequency
2640 20
4145 30
46 - 50 55
51-355 50
56 —60 35
6l—-75 10

i) Draw a histogram to illustrate this set of data.
i) Calculate the mean number of cars sold per day.

(
(
{iii) Construct a cumulative frequency table for the data.
{iv) Find the lower quartile of the data.

(

V) State the modal class of the number of cars sold each week.

Question 2

The functions / and g are defined as follows:

f(x)y=x"~1

olx)=cosTXx

(i) Show that /' has no inverse.
State why the domain x = 0 does permit an inverse of /.
In this case find an expression for the inverse of ._f"(.r),

(i) Which of the following statements is true:

the function g(x) is even,
the function g(x) is odd,

the function g(x) is neither even nor odd?

Give reasans for your answer.
(iii) One of the functions [ and g is periodic.

Explain which one is, and state its period.

(iv)  Showthat f(g(x))=—(cos2zx~1)

b | —

Sketch its graph for the domain 1= x = 4.
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Question 3

(a) Differentiate xtan 3x with respectto x.
(b) Find the stationary value (turning point) of » =l]n x for x =0,
X

and decide if this is a maximum or a minimum.

(c) Find the equation of the tangent to the curve y :W
X —4a)

at the point (1,-1).
Question 4
(a)  Use the substitution & =1+ x* to evaluate [_\'EJI Fxtd,

0

(b) Let /(x)=sinx for 0<x < 7.

(i) Sketch the curve v = f(x).

(i) Find the area under this curve in this region.

(iii) The area is rotated completely about the x-axis.

Find the exact value of the volume of the solid formed.
Question 5
(a) (i) Express al ? in the form 4 | jB | U .
(x 2](_1" ' ]j =2 xt4l xt 41
(ii) Use your result from (i) to show that
ox-7 3 iz
—  dv==In2+=.
,5|(_r 1) 2 ,
(b) Use integration by parts to find the exact value of [_1'3 [n xdx.
1

Question 6
(a) (i) Show that the equation 2 — x = In x has a root between 1.5 and 1.6.

(b)

(ii) Starting with initial value x;, =1.5,

use the Newton-Raphson method, twice,
to give a better approximation to the root of the eguation in (i)
giving your final answer correct to 4 decimal places.

Solve Scos2@ +sinf =2 for 0 < H < 2.

(2]

(8]

(3]

[€]

[2]
[2]

[3]

[4]

[€]

[5]

[3]

[3]

[7]



Question 7
(a) Solve the differential equation

given that y =1 when x = % Express your answer in the form v = f{x).

(b) Initially a tank contains 20 litres of a solution of a dangerous chemical in water.
Pure water enters the tank at a rate of 2 litres per minute.
At the same time solution pours out of the tank at the rate of 3 litres per minute.
This reduces the concentration of chemical in the tank.
Attime ¢ minutes there are x kg of chemical in the tank.

(i) What is the concentration of chemical at time ¢ (in kg/litre)?

3x

(if) Show that x satisfies the differential equation % =
dr 20—

(iii) Find the general solution of the differential equation.
(iv) If initially there are 5 kg of chemical,

find how much there is after 10 minutes.

Question 8

Let A, B and C be points with position vectors
a=4i-5j-k.b=2i-j-5k.e=4i-2j-4k,
respectively, with respect to the origin O.

(1) Show that OC is perpendicular to B .

(ii) Let L, be the line passing through C parallel to OA.
Find the vector equation of L.

(i)  Showthat [, intersects L,,
where L, = 2i—1j— 5k + u(5i - 7j - 2k),
and find the point of intersection.

(iv) Find the acute angle between the lines [, and [, .
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Practice Exam 6 Answers

1
12
from to w f fhw
255 305 5 6.667 1.333 10
305 355 5 68687 1.333
355 405 & 66867 1.333 'g' e
405 455 5 30 6 5
455 505 5 55 11 g b
505 555 5 50 10 g
555 605 5 35 7 g 4
605 655 & 3.333 0667 =
655 705 5 3.333 0667 21
705 755 5 3333 0667
0
305 355 405 455 505 555 B0S B55 705 7a5
number of cars old
Labels on horizontal axis. 1]
Horizontal scale (accept 40/40.5/41 on boundary). [1]
Labels on vertical axis. 1]
Vertical scale. 1]
Bars right height and width. [2]
(i1)
x f xf
255 405 33 20 660 x column I | I
405 455 43 30 1290 xf column 2]
455 505 48 55 2640 ]'m:am _
50.5 555 53 50 2650 -
555 605 58 35 2030 2 _20 g 7s 1
605 755 68 10 680 df 200 S
200 9950
lch uch f cf
0
255 405 20 20
405 4565 30 50
455 505 55 105
505 555 50 155
555 8605 35 190
B0O.5 755 10 200
(111} See above 12]
(iv)  lower quartile = 45.5 {accept 45 or 46) 2]

(v) modal class is 46 — 30 [1]



2(1) f(1)y=0. f(—1) =0, so the function is not one-one.
If x, 20andx, = 0and x, # x, then f(x )= f(x,)
{or other suitable explanation).
i "[.\')= X1 x=-1
(ii) Since cos(7 x) = cos(— 7 x),
the function g(x) is even.
(i) Since g(x+2)=cos(z(x+2))= cos(zx+27) = cos(r x)
the function g(x) is periodic with period 2.
. . . 2 2 e 2 ]
(iv)  flelx))=(cos(z x))" =1 =cos’(zx)-1= 51[1'[5_\']:: T
i
0.2
0
" N A A f
VY Y
R
WERWERW
o v S
-1
-1.2
shape
position on x-axis
position on y-axis
.~ Lll‘ - 2 . - - - 2~
3{(a) ——=tan3x+ xsec” 3xx3 = tan3x+ 3xsec” 3x
dx
dy I 11
(b) — = —Inx+=—=—(1~Inx)
dx x° Xx X
= () at a stationary point.
Then Inx =1, x =e(= 2.72).
I 1
Here v =—=In(e)=—(= 0.368).
e e
>y 2 L( 1y 1
== -—(I-Inx)+— 0= |=-—(2-2Inx+1)=
dx~ X Xt X))
. d’y 3-2lnle 1
When y=e¢, —5= - (¢) =-——<0
dx” e e
So the stationary value is a maximum.
dy R, 9
(c) — = )=

dx (3_\' 4)4 ) [\3.\' 4)4

= -9 at the point (1.-1).

The equation of the tangent is v = -9x +¢.
l=-9xl4¢,c=8.

y ==Yy +8
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Hay  w=1+x", du=3x"dx.
2 2] ]
[_\'z-dl Faytdy = [TV{I'J”
0 i~
" ]
~ 3/2
=|=u
el
2 52
—=7-1]==(x57
_‘l)[Ll ]] L}( :‘..H}
(b)1)
1.2
1
08 / - \\
0.6
wl/ AN
o/
I:] T 1 T T 1
0 0.5 1 15 2 2.5 3.5
shape
limits
(i) [sin xdx = [~ cosx [}
0
=[1+1]=2
(i) o« |.[5in xfdv=r [' %(] cos 2x) ‘LL\'
0 o\ < /
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(oY) B _Cv _ A+ 1)+ Blx—2)+ Cxl(x - 2)
T x—2 a2+ a2+ (x E][_rz | 1)

This equals 1

=2 hx" + 1

x=2=54=-5=4=-1.

x=0=A4-2B=-T=F=3.

Equating coefficients of x* = A+ C=0= C =

. : I 3 X

Given expression equals b

x—2 a4+l T+l
(11)  Given integral equals
Ly - o
' l 3 X 1 .

ﬂ b — b — i ={ ]11|_1' El F3tan ! x4 —ln(_r' | 1]
Ax=2 xT+1l x4l 2 s

=( In(1)+3tan "1+ %In[i}- In(2)~3tan" 0

%ln(lﬂ

RF | 3z 3

=04+ —+—=In2+N2-0-0=—+—=In2
-y / -y
= =

e 1 7% ! R
(b) [x Inxdy = | —=x"Inx |—.1'3 —dv=|=x"Inx — [.\"d_r
i 3 Wi 3
=|=x"Inx——x
3 9" |,
’ 8 I
==In2-—=-0+—
3 G 9
8 7
==In2-—
3 C
Oofa)i) f(x)=2-x—Inx=0.0945 when x =1.5and = ~0.0700 when x = 1.6.
Since the sign changes there must be a root between these points.
) L |
(11) flix)y=-1-—.
X
flx, 0.0945 .
1' =_1I.-u I._lr[\ -) =] L‘ —=1-:‘:‘(-\Fr
f(x,) 1.6667
flx o (0.0007 o
Xy =X [ ) =1.5567 - ——=1.5571
’ ) 1.6424
(b)y  10sin?@-3-sind =0

(2siné 4 l)(f\sjnﬂ 3)=10

. | , 3
sin é = — orsin ) =
=

6 =0.644, 2,50, 3.67,5.76
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T{a)

(b))

(i1)

(111)

(iv)

Ri1)

(11)

(111)

(iv)

[ ]2 dy = [xca,z xdx

‘--1-

1
—=tanx+c¢
|1-

| = tan— + ¢
~

=

l
—=tanx -2
-1l

|

1 = —
’ 2—tanx

There are 20—t litres of liquid in the tank at time 7.

So the concentration at time ¢ is

20—t
Since 3 litres of solution leave the tank each minute the rate of removal 1s 3
. o dx 3x
times the concentration. So — = :
de 201
dv ¢ di
‘X CE20- ¢
Inx =320 1)+
v=C(20-1)
5 =8000C
. 5
C= .
=000
5 5000 5 -
f=10=x= (20-10) = = =(=0.625).
J000 000
AB = -2i+4j - 4k,
_pl_p
OCAB=-4%x2-2x44+4x4=0
So the vectors are perpendicular.
L, =4i-2j— 4k + A(4i-5j k)
It L. L, intersect then
44 4i=245u 40 -5u=-2
2-52=-1-Tu SA-Tu=-1
4-A=-5-2u A=2u=1
Solving these we get 4 = -3, u = -2 which satisfies all three equations

§
So the lines intersectat —8i+ 13j- k.
(4i 5 kl[f-i 7j 2k)=20+35+2=57

[i-5i- k| =0+ 25+1 =442
|5i 7§ 2k| = 425+ 40+ 4 = 78
cosfH = X7 =~ (.9939

@ =00000=521°
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