Practice Exam 1 (Engineers)

Section A. Answer ALL questions in this section. They are not equally weighted.

Question A1
Differentiate x* Inx” with respect to . [3]
Question A2
Ty 3 ~
Find the inverse of f(x)=——2 yeR, x#-5. [4]
X+5
Question A3
Prove the identity cosec# —sin# = cotfcosd . [4]
Question A4
Find all the solutions between 0° and 360° to the equation sin 268 = —(.6. [4]
Question A5
5) (4
lfa=| 2 andb=| 0 | find|3a- 2b|. 4
|3 ;'I 4/’
Question A6
Find the equation of the tangent to the curve y = { ! r [5]
2x-3)
Question A7
1
Use integration by parts to find [_1'3 e" dx,
0
giving your answer in terms of e. [5]
Question A8
Solve the differential equation
y X~ 4sinx
T odx
given that y =1 when x = 0. Express your answer in the form y = f(x). [5]
Question A9
2/3 -
Use the substitution « = 3x —1 to evaluate [;d\'. [6]
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Section B. Answer FOUR questions from this section. The questions are equally weighted

Question B1

(a) Find the stationary value (turning point) of v=¢ " sinx for 0 < x < 7,

and decide if this is a maximum or a minimum.
(b) Saolve 4sin26+ 3 =4dcosf+ 6sind for 0 < < 2x.

Question B2
The functions f and g are defined as follows:

TX ‘

J{x)=tan

glx)= |\| Xe R

(i) Find the range of f{x).
(ii) Write down ,;,r_f'(_r]and find the value of g(f(-1/ 3)).
(iii) Sketch the graphs of f(x} and gf(x) using the same axes.
(iv)  Find an expression for /~'(x).
Explain why g(x) has no inverse.
(V) One of / and g is an odd function.

State which one is odd, giving your reason.
Explain why the other function is not odd.

Question B3

1
(a) Let f(x)=1-—.

2

X
(i) Sketch the curve v = f(x) for =x <2
(i) The area is rotated completely about the x-axis.

Find the exact value of the volume of the solid formed.

B Cx

(b) (1) Express I x in the form < | |

(x4 12 +1) PR R B e

(i) Use your result from (i) to show that

34
| —x

,3[ (v + 1) + l_idl - ln‘-. 5 J'

[7]
[8]

[l
[3]
[4]

[4]

[3]

[1

[4]
[4]

[6]



Question B4

Let 4, B and C be points with position vectors

respectively, with respect to the origin O.

(0)
(i)

(iii)

(iv)

Question B5

Show that OC is perpendicular to AR

Let L, be the line passing through C parallel to OA.

Find the vector equation of L,.

Show that L, intersects L,,

where L, =3i+2j— 5k + u(—i+4j-2k),

and find the point of intersection.

Find the acute angle between the lines L, and L, .

Show that the equation e¢* = 2x+1 has a root between 1.2 and 1.3.

Starting with initial value x, =1.2,

use the Newton-Raphson method, twice,
to give a better approximation to the root of the equation in (i)

giving your final answer correct to 3 decimal places.

In a chemical reacticn a substance A is transformed into a substance #'.

Initially there are @ molecules of 4 and no molecules of 5.

After time ¢ x molecules of A are left.

The rate of conversion is proportional to the amount of 4 that remains.

(i)
(i)

Write down the differential equation which models this reaction.
Find the general solution of the equation.

(3]

(2]

[€]
[4]

(3]

[3]

(2]
[3]



Question B6

The grouped frequency table below shows the number of laptops

sold per day in a computer store during a period of 200 working days.

Number of laptops sold Frequency
46— 60 20
61-65 30
66-70 35
7175 S0
76 - 80 35
81-95 10
(i) Draw a histogram to illustrate this set of data.

(ii) Calculate the mean number of laptops sold per day.
(iii) Find the standard deviation of the data.

[€]
[4]
[5]



Practice Exam 1 Answers

Section A

tl'l' ] s
Al —=2xlnx" +x° —2x
dx x*
=2xlnx" 4+ 2x
- 2x—13
A2 Let =
X+ 3
wHSy=2x-3
Py —2x=-5y-3
S5v—3
¥ =—
y—2
ny Sy -3
fMx)= x#2
x—2
. . | .
A3 cosec ) —sin ) = — sind
sin
. 2
| —sin” ¢
sin#
2
cos” @
sin &
cosf/
=——¢osf/
sin ¢
=cotdcosé
- -1 '\ ar ke -
A4 sin” 0.6 = 36.87% from a calculator

The sine function takes negative values in the third and fourth quadrants
So 26 =180°+ 36.87° or 360° - 36.87° or 360° + cither of these.
So the possible values are 108.4°,161.6°%, 288.4°, 341.6°.

5 (4]
AS Ja+2b=3 2 [+2] 0
3 4
157 8
= 6 + 0
9 ) -8
"ll,r\
f— (“_u
1

', S
Ba+ 2b| = 449130 + 1 = /86 = 9.27

So

12]
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Ab

AN

P
& 2=

dv (2x-3) " (r-3)

=—10 at the point (2,1).

The equation of the tangent is v =

l==10x2+¢c,c=21.

v=—10x+21

2 x L .X x !
=y e —2xe u,][,
-~y -
=e—2e+2e-0+0-2
. -5
== i

[_1 dy = [4 sin xdx

3
2
—=-dcosx+c
>
1
—_=—d 4
-
“
9
(':—
2
3
Ve 9
— = -dcosx+—
> 9

v =af9-8cosx

u+ 1 du
u=3x-l,x=——dx=
3 3
2/3 - 1
r S
| dy = [ — du
v i “ -
15 9x ox+2 g+l

10x + .

12]

12]

12]



Section B

dv . .
Bl{a) —=-¢"smx+e¢"cosx 1]
dx
= () at a stationary point. [1]
Then sinx =cosx, tany =1, x =%{:~: 0.785). [1]
g |
Here y=e™'* —. (Accept 0.322 or 0.323.) 1]
V2
d*y . - x r o x
—s-=¢  sinx—e cosx—e  cosx—e  sinx=-2e  cosx.
dx
r ' dzl‘ —xi4 f ) -z !4
When x=x/4, 1 —=-2¢" CDH(.T_.-'4]= -\Ec T, 12]
dx
So the stationary value is a maximum. 1]
(b) 8sinfcost +3—4cos—6sinf =0 [2]
(2sind —1)4cosf ~3)=0 12]
: 1 3
sin @) = —or cos 6 = —. 12]
2 4

¢ =10.524,0.723,2.62,5.56 12]



B2(1)

(11)

(111)

(1v)

(v)

The range1s R or —o0 < x < o,

¢ A ]

I -

f 1.-"'.“‘.}=tan| = === -0.577). g(f (- 1/3)) = = (= 0.577
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Shape of f(x)
Passes through origin
tends to £ooat +1
shape of g(f(x))

)
S Hx)==tan'x

s
o(x) has no inverse because it 1s not onc-one. g(—x) = g(x) forall x.
/ 1s the odd function
since f(—x)=—f(x) forall x.
2 1s not odd since g(—x) = g(x)# —g(x) except when x = (.
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2]
1]



B3(a)(i)

0.8
0.7 //
0.6 /
0.5
//
0.3 /
0.2 /
0.1
[:I T I/ 1 1
0 0.5 1 1.5 2 2.5
Graph
2."‘ 2 2. ~ _l &
(11) rll-—| dx=n| |l -—+—|dx
I*l.'\ x° ) T[ RO ;‘
A2 T
A R sz ||
= :(2 k1 L 1-2 |lw
24 3
"4
iy B O Al £ 1)+ Blr+ 1)+ Oxlx 1)
R B o RS (x4 ]}(.\'2 | l] '
. l=x
This equals -
= (vl +1)
x=-1=24=2=4=1.
x=0=A+B=1=8=0.
Equating coefficients of x? = A+ C=0=C=-1.
. . 1 X
Given expression equals — 31'

(11)

Vi v ) | ) 3
Given integral equals ” — |LLT = {]n(_r 1) —]11(_\" | 1]-‘
sux+l xt 4l 2 0
PN TR (25
= ln‘ 1| l]11| t1 | In(1)+ lIn[l) =In7-In4 lln —
4) 2 16 ) 2 2 116
"’C'\'- f"l.r"-.
=In7-Ind-Inj—=|=In7-In4-In5+Ind4=1In7 ]t15=]n|'7.
L4 LD
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B4(i) AB=2i+7j-Sk,

OCAB=3x2-2xT+1x8=0
So the vectors are perpendicular.

(11) L, =3i-2j-k+Ali—5j+3k)
(i) If L. L, intersect then
3+ A=3-u A+pu=0
2-50=244du  SAitdu--4d
l+34=-5-2u 3A+2u=-4
Solving these we get 4 = —4, g = 4 which satisfies all three equations
So the lines intersect at — i+ 18j— 13k.
(iv)  (i-5j+3k)N~i+4j-2k)=-1-20-6=-27
i~ 5j+3K|=+1+25+9 =4f35
|ir4i-2k]=ir160+4 =421
27
cost = ——= (.9959
V35421
6 = (0.0905 = 5.18° {Accept either degrees or radians. )
B5(a)
(1) Slx)=e"2x—1=-0.0799 when x = 1.2 and = 0.0693 when x = 1.3,
Since the sign changes there must be a root between these points.
(11) fx)y=e"-2.
flx 0.0799
Y, =X, [—3)= 1.2~ ———=1.2605.
1) 1.3201
flx . —0.0062 -
X, =X, ( I] =1.2605 +=].23(’
’ 1y, 1.5272
ody
(b)(i) —=—hx
di
N dx
(11) —= [ kdi
- .1l- -
Inx =kt +¢
Y = (-.\—Iu
a=Ce"=(
y=ae ™
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Bo(i)

12
from o w f fiw
455 505 5 667 1.333 E.
505 555 5 667 1.333 -g
555 605 5 667 1.333 iy
605 855 65 30 6 5
655 705 5 55 11 g
705 755 5 50 10
755 805 65 35 7
805 855 5 333 0667
855 905 5 333 0667
905 955 5 333 0.667 0% 555 605 BSS 705 Vo5 905 995 005 955
number of laptops sald
Labels on horizental axis. 1]
Horizontal scale (accept 60/60.5/61 on boundary). ]
Labels on vertical axis. ]
Vertical scale. 1]
Bars right height and width. 12]
(11)
x f xf xxf
455 605 53 20 1060 56180
605 655 63 30 1890 119070
655 705 68 55 3740 254320
705 755 73 50 3650 266450
755 805 78 35 2730 212940
805 955 88 10 880 77440
200 13850 986400
x column 1]
xf column 12]
mean = Z"U. _ 13950 69.75. [1]
> 200
xxf column 12]

7 I --\2
X xf 086400 .
sd = ZZ ‘Z ‘ =J‘— 69.75° =8.18 [M2AT1]
foWr)

200



